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Abstract 



It has recently been conjectured that the type IIA string theory 
compactified on K3 and the heterotic string theory compactified on 
a four dimensional torus describe identical string theories. The fun- 
damental heterotic string can be regarded as a non-singular soliton 
solution of the type IIA string theory with a semi- infinite throat. We 
show that this solution admits 24 parameter non-singular deformation 
describing a fundamental heterotic string carrying electric charge and 
current. The charge is generated due to the coupling of the gauge 
fields to the anti-symmetric tensor field, and not to an explicit source 
term. This clarifies how soliton solutions carrying charge under the 
Ramond-Ramond fields can be constructed in the type IIA theory, 
and provides further support to the string string duality conjecture. 
Similarly, the fundamental type IIA string can be regarded as a non- 
singular solution of the heterotic string theory with a semi-infinite 
throat, but this solution does not admit any deformation representing 
charged string. This is also consistent with the expectation that a 
fundamental type IIA string does not carry any charge that couples 
to the fields originating in the Ramond-Ramond sector. 
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1 Introduction and Summary 



It has recently been conjectured|jT], ^ that the type IIA string theory 
compactified on the K3 surface and heterotic string theory compactified on 
a four dimensional torus describe identical six dimensional string theories. 
Some of the compelling evidences for this conjecture come from the fact that 
the two theories give rise to identical low energy effective field theories, and 
have identical moduli spaces^, ^. If this conjecture is correct, then the 
S-duality of the heterotic string theory compactified on a six dimensional 
torus [P|-||l4| follows as a consequence of the T-duality of the type IIA string 
theory]^, 1^. This duality has been called string-string duality conjecture[^ ^ 
and we shall refer to it by this name in this paper. Other aspects of duality 
symmetries in string theory relating strong and weak coupling limits have 



been discussed in refs.[15, 16, 17 



In order to test this conjecture, we must show that the spectrum of Bo- 
go mol'nyi saturated states [0] in the two theories are identical. Here we 
encounter a puzzle. The spectrum of the heterotic string theory contains 
charged Bogomol'nyi saturated states. On the other hand, since in the type 
IIA string theory all the gauge fields arise from the Ramond-Ramond sec- 
tor, and the elementary string states in the theory do not carry any charge 
under the gauge fields in the Ramond-Ramond sector, all the elementary 
string states in the type IIA string theory are charge neutral. This seems 
to contradict the conjecture that the two theories are equivalent. However, 
an analysis of the Bogomol'nyi bound formula shows that in the type IIA 
string theory, the states that are charged under the gauge field have masses 
inversely proportional to the coupling constant of the type IIA theory 0]. 
This shows that we do not expect these states to arise in the elementary 
string spectrum, instead they must arise as solitons in this theory. Extremal 
charged black holes have been proposed as possible candidates |I|]. 

The situation however still remains a bit unsatisfactory, since even for 
extremal black holes, in order for it to carry electric charge, we need to put 
a source of electric field (electric charge) at the center of the black hole. In 
other words, if we were not motivated by the string-string duality conjecture, 
and were just analyzing the spectrum of the type IIA string theory compact- 
ified on K3, there would be no reason to include the extremal charged black 
holes as solutions in the theory, since they require using charged particles as 
sources which are not present in the theory to start with. It would be much 
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more compelling if we could construct solitons in the type IIA theory which 
carry electric charge even if we do not use an explicit source for the electric 
field. These solutions will be analogous to the 't Hooft - Polyakov monopole 
solutions in Yang-Mills theories, which give rise to magnetically charged soli- 
tons without the necessity of putting an external source of magnetic field. 

One might think that it is impossible to construct a charged soliton in 
type IIA string theory without putting a source of electric charge somewhere. 
Since all the fields appearing in the low energy effective action are neutral, 
the standard Gauss' law will tell us that the total flux of electric field through 
a closed surface vanishes unless there is a source of electric charge somewhere 
inside the surface. The reason that we can get around this argument is that 
the standard Gauss' law does not apply to the field equations of the super- 
gravity theory describing the string theory under consideration. Due to the 
non-standard coupling of the gauge fields to the rank two anti-symmetric 
field in the theory, the divergence of the electric field is not zero, but is pro- 
portional to the three form field strength contracted with the electromagnetic 
field. This allows us to construct charged solitons in this theory without the 
necessity of introducing a source of electric field. 

The charged solitons that we shall construct are not particle like states, 
but string like states. To this end, we note that the low energy supergravity 
theory admits two neutral string like solutionsP]. One of them describes the 



fundamental heterotic string solution of ref.|19], whereas the other describes 



the fundamental type IIA string solution. When expressed in the natural 
variables of the type IIA string theory, the fundamental heterotic string so- 
lution is non-singular [^ , pll , and describes an extremal black string with a 
semi-infinite throat, with the type IIA string coupling becoming strong as we 
go down the throat. On the other hand, when expressed in the natural vari- 
ables of the heterotic string theory, the fundamental type IIA string solution 
is non-singular, and describes an extremal black string with a semi-infinite 
throat, with the heterotic string coupling becoming strong as we go down 
the throat. We shall show that the first solution has a 24 parameter de- 
formation describing a fundamental heterotic string carrying electric charge 
and electric current. 20 of these parameters describe deformations for which 
electric charge per unit length of the string is equal to the electric current, 
whereas the rest 4 parameters describe deformations for which the electric 
charge per unit length of the string is equal to the negative of the electric 
current. This is consistent with the known properties of the heterotic string. 
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i.e. that it carries 20 left moving and 4 right moving currents on the world 
sheet. But more importantly, we shall see that this electric charge is not gen- 
erated by any source term. In fact, as we go down the semi-infinite throat, 
the total electrix flux approaches zero, showing that there is no source of the 
electric charge at the far end of the throat. The charge is generated solely 
due to the coupling to the anti-symmetric tensor field as mentioned before. 
On the other hand, the second solution, representing the fundamental type 
IIA string, does not admit any deformation that converts it to an electrically 
charged string. This is again consistent with our general understanding that 
the fundamental type IIA string does not carry any world sheet current which 
couples to the gauge fields originating from the Ramond-Ramond sector of 
the theory. 

The situation may be summarized as follows: 

• The type IIA string theory contains a non-singular soliton solution 
carrying the quantum numbers of a fundamental heterotic string. This 
solution admits non-singular 24 parameter deformations which has the 
quantum numbers of a fundamental heterotic string carrying 20 left 
moving currents and 4 right moving currents on the world sheet. This 
is consistent with the known properties of the fundamental heterotic 
string. 

• The heterotic string theory contains a non-singular soliton solution 
carrying the quantum numbers of a fundamental type IIA string. This 
solution does not admit any deformation which might represent fun- 
damental type IIA string carrying world sheet currents that couple to 
the gauge fields. This is consistent with the known properties of the 
fundamental type IIA string. 

These results provide further support to the string- string duality conjec- 
ture in six dimensions. 

We now give the plan of the paper. In section 2 we shall write down 
the action of the six dimensional supergravity theory in two different sets of 
variables, — one natural to the heterotic string and the other natural to the 
type IIA string. We shall also give the map between these two sets of vari- 
ables. Finally we shall write down the solutions describing the fundamental 
heterotic string and the fundamental type IIA string in both sets of variables 
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and discuss the geometrical properties of these solutions. In section 3 we 



shall use the by now standard method of 0{d,d) transformation [22, 24 
to generate the deformed heterotic string solution describing the charged 
string. We show that the deformed solutions are non-singular, and do not 
have any source of electric charge at the far end of the throat. We also show 
that the 0{d, d) transformations cannot be used to generate a charged type 
IIA string solution. We end in section 4 with a few remarks about the pos- 
sibility of constructing solvable conformal field theories that might describe 
the fundamental heterotic string as a solution of the type II string theory, 
and vice versa. 

We end this section by stating some of the notations that we shall be 
using. The unprimed fields will denote the fields that couple naturally to 
the heterotic string, whereas the primed fields will denote the fields which 
couple naturally to the type IIA string. The subscript {het) will be used to 
denote the solution that represents a fundamental heterotic string, whereas 
the subscript {II A) will denote the solution representing a fundamental type 
IIA string. Finally, the subscript (chet) will denote the solution representing 
a heterotic string carrying electric charge and current. 

2 Low Energy Effective Action, and Solitonic 
Strings 

The material in this section will be a review of the results contained in 
refs.[||, |I], 0, 1^. The low energy effective action describing the heterotic 
string compactified on a four dimensional torus (T^) is given by, 

S oc J d'xV^e-^lRG + G^"'d^<^d,<^ - ^G^^''G'"''GP'''H^,pH^,,,p, 

_^MM'^..'^W(i:ML),,F^?i, + \G>'''Tr{d^MLd,ML)] , (2.1) 

where G^^, Bf,„, A^f^ (0 < < 5, 1 < a < 24), $ and M denote respectively 
the string metric, the antisymmetric tensor field, the 24 abelian gauge fields, 
the dilaton field, and the 24 x 24 matrix valued scalar field representing an 
element of 0(4, 20)/(O(4) x 0(20)), satisfying 

= M, MLM^ = L , (2.2) 
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where, 

L-{-'- ,y (2.3) 
Rg denotes the scalar curvature associated with the metric G^„, and, 

p{a) _ f) A{a) _ A{a) 

Ht,up = {d^B^p + 2A^^^ LabFl^^) + cychc permutations of ii,v,p. (2.4) 

The matrix valued scalar field M originate from the internal components of 
the ten dimensional metric, antisymmetric tensor field and the gauge fields. 
Four of the 24 gauge fields originate from the components of the ten dimen- 
sional metric, four of them originate from the components of the ten dimen- 
sional anti-symmetric tensor field, and the remaining sixteen gauge fields 
can be identified to the gauge fields associated with the Cartan subalgebra 
of Eg X ^8 or 50(32). 

On the other hand, the low energy effective action describing the type 
IIA string compactified on K?) is given by, 

S' oc j dS[V^[e-''\Rla + G'>'''d^^'d,^'-^G'^^'G'^^'G'Pp'^ 

_ l^M.p..c^/^^/(a)^^^i.;W) , (2.5) 

where G'^,^, B'^^^, $' and M' denote respectively the string metric, the 

antisymmetric tensor field, the 24 abelian gauge fields, the dilaton field, and 
the 24x24 matrix valued scalar field representing an element of 0(4, 20) / (0(4) x 
0(20)). M' satisfies equations identical to those satisfied by M: 

M'LM'^ = L, M'^ = M' . (2.6) 

Here 

_ pj A'{a) _ Pj A'ia.) 

H'^j^p = df^Blp+ cyclic permutations of /i, z/, p . (2.7) 

Note that there is no Chern-Simons term involving the gauge fields in the 
expression for H'. In this case the scalar field degrees of freedom contained 
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in M' come from the internal components (along the tangent space of i^3) 
of the metric and the anti-symmetric tensor field. On the other hand, the 
gauge fields come from various components of the anti-symmetric tensor field 
Cmnp and the vector field Em (0 < M < 9) in the ten dimensional theory 
which originate in the Ramond-Ramond sector of the type IIA superstring 
theory. In particular gives one gauge field, the components Cmnfj,, where 
m,n denote the tangent space directions on K3, give 22 gauge fields, and 
dualization of the three form C^^p in six dimensions give another gauge field. 

It can be easily verified that the equations of motion derived from the 
actions and ( p.5| ) are identical, provided one makes the following iden- 
tification of fields: 

$' = -$, G;, = e-X^, M' = M, 4^^ = A'-;\ 

y/^e-'^H""" = -e^"'P''^'H' . (2.8) 
6 

Let us now describe solutions of the equations of motion derived from the 
above effective actions, describing fundamental heterotic string, and funda- 
mental type IIA string respectively. To this end, we note that a fundamental 
heterotic string will carry electric type B^^ charge, and hence magnetic type 
B'^j^ charge, since 5^,^ and i?^^, are related by duality transformations. On 
the other hand, the fundamental type IIA string will carry electric type B'^^ 
charge and magnetic type Bfj^^ charge. Thus they must be represented by 
different solutions of the field equations. Both of these solutions are given 
in refs.p, and are related to the solitonic string solutions of ref. 
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appropriate variables. The fundamental heterotic string solution is given in 
the unprimed field variables by 



dsf^^,^ = (l + -^) \-dt^ + {dx'Y)+dr^ + r^dn 



^-^(het) = 1 + — , 

R - 

^{het)5t - (J j^^2 ' 

<L), = 0, M(,,,)=/24, (2.9) 

where dVL-^ denotes the line element on a three sphere 5^, and C is a constant 
determined by the heterotic string tension. This solution is identical to the 



r 
C 



2 

3 ' 
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one constructed by Dabholkar et. al.|I^. The metric has a singularity at 
r = in these variables. However, the same solution expressed in terms of 
the primed variables is given by, 



2 

3 ' 



e ^(het) = 1 + ^ 



C^-l 



H(het)ijk — '^CSijk , 

= 0' ^U=/24, (2.10) 



where eijk denotes the volume form on the three sphere S^. The apparent 
singularity of the metric at r = is only a coordinate singularity pO 
be seen by defining new coordinate p near r = 0: 



as can 



p = lnr. (2.11) 

In this coordinate, the point r = is mapped to the point p = — oo, and the 
metric near r = takes the form: 

^ -dt^ + {dx^f + Cdp^ + Cdnl (2.12) 

which represents the geometry of a semi-infinite line labelled by p tensored 
with a three sphere of constant radius, and a two dimensional Minkowski 
space labelled by t and . The dilaton near r ~ takes the form: 



e 



[het) ~ Ce^P (2.13) 



showing that the string coupling grows as we go down the semi-infinite throat 
labelled by p towards p = —oo. This shows that the fundamental heterotic 
string can be represented as a non-singular soliton solution of the type IIA 
string theory compactified on K3. 

Similarly, we can construct a solution of the equations of motion of the 
six dimensional effective field theory which represents the fundamental type 
IIA string. In the primed variables this solution is again identical to the one 
constructed in ref . |]T9| , and is given by, 

dsfjj^^ = (l + ^y\-dt^ + (dx'f) + dr^ + r^dQl, 
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e *("^) = 1 + — , 
- ^' 

AnA), = 0, M(',,^)=724, (2.14) 

where the constant C is now determined by the string tension of the type 
IIA theory. The metric is again singular at the origin. But in terms of the 
unprimed variables, the solution looks like, 

dsfj,^^ = -dt^ + {dx^f+{l + ^)dr^+{C' + r^)dnl, 

H(nA)ijk — — 2C Sijk , 
^(/W = 0' ^(//A) = /24, (2.15) 
which can again be seen to be non-singular. Thus we see that the type IIA 
string can be regarded as a non-singular soliton solution of the heterotic 
string theory. 



3 Charged Solitonic Strings 

In the last section we saw that the type IIA string theory compactified on K3 
contains a non-singular soliton solution which has the quantum numbers of 
the heterotic string. We shall now study in more detail whether this solution 
has the right properties expected of a heterotic string. In particular, we know 
that the heterotic string can carry 20 left moving and 4 right moving world- 
sheet currents that couple to the 24 gauge fields. So in order to interprete 
this soliton solution as the fundamental heterotic string, we must show that 
the solution admits a 24 parameter deformation which represents a heterotic 
string carrying 20 left moving and 4 right moving currents on the world 
sheet. (Since we are considering a static string extending in the direction, 
in this case the world sheet coordinates can be identified to the space-time 
coordinates and t.) 

But here we encounter a puzzle. It is well known that the type II string 
does not have any elementary excitations that carry electric charge asso- 
ciated with the Ramond-Ramond fields. Since all the gauge fields in the 
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compactified theory arise from the Ramond-Ramond sector, this means that 
the theory does not have any state (field) that carries gauge charges. Thus 
it would seem impossible to construct a soliton solution in the theory that 
carries gauge charges. On the other hand, this is precisely what we need to 
do if we have to construct solitonic strings representing heterotic strings. 

A resolution to this puzzle comes from looking at the equations of motion 
for the gauge fields. In terms of the primed variables, these equations take 
the form: 

Z}:.[(M'L),,F'W'^1 + l(v/=G)-i£^^'^'^'"^if:^,F;(;) = (3.1) 

This shows that although the theory does not contain any charged field, the 
second term in the above equation can act as a source term in the gauge field 
equations of motion, and give rise to solitons carrying net electric charge. 
As we shall see this is precisely the mechanism that allows us to construct a 
charged heterotic string solution. 

The explicit construction of the solution is done using the solution gener- 
ating transformations P^- . The relevant group of transformations belong 
to the coset (0(20, 1)/O(20)) x (0(4, l)/0(4)). Since the transformations 
used here are identical to the ones used in ref.[^, we shall not give the de- 
tails here, but only quote the final result. The final solution is characterized 
by 24 extra parameters, consisting of two boost angles a and /5, a 20 dimen- 
sional unit vector n, and a 4 dimensional unit vector p. In the unprimed 
variables (where the solution generating transformations act naturally) the 
transformed solution is given by, 

c^S(chet) = r^A"^[-(r^ + 0)rft^ + 0(cosha - cosh/3)dt(ia;^ 
+ (r^ + O cosh a cosh /?) {dx^'f\ 

+ {dr^ + r^dnl) , (3.2) 

C 1 
B{chet)u = —(cosh a + cosh/5){r^ + -0(1 + cosh a cosh/3)} , (3.3) 



Ai/2 



g-<I>(cheO = __ ^ (3 4) 



^(cLt)i ^ — ^ /fta ^ sinh a{r^ cosh /3 + ^0(coshQ: + cosh/?)} 



2V2A 
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for 1 < a < 20 , 
2v^2A ^ sinh /3{r^ cosh a + -C(cosh a + cosh P)} 
for 21<a<24, 



^(chet)5 ~ 7= — C* sinh a{r^ + -C cosh /5(cosh a + cosh 



(3.5) 



\chet)5 - 2V2A ^ 2 

for 1< a < 20 , 



P 



(a-20) 1 



Csinh/3{r H — C cosh a (cosh a + cosh 



2v^A ' 2 

for 21< a < 24 



(3.6) 

/ Pnn^ Qnp^ \ . . 



where, 



(J2 

A = / + Cr^(l + cosh a cosh /3) + —(cosh a + cosh/?)^ (3.8) 

P = — sinh^ a srf /3 , (3.9) 

g = -CA"Sinhasinh/5{r2 + ^C(l + coshacosh/3)}, (3.10) 

For (3 = 0, these solutions agree with the charged string solutions found in 
ref.pl. 

By examining the solution we see that the string tension of the heterotic 
string is now proportional to C(cosh a + cosh /3). Also the solution is as usual 
singular at r = 0. We shall now verify that the solution is non-singular in 
the primed variables. In these variables, the solution takes the form: 

ds[l,^^t^ = A-^/^[-{r^ + C)df + C{cosh a -cosh f])dtdx^ 



+ (r^ + Ccoshacosh/5)((ix^)^ 
,jdr' 
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A'/'(^ + dnl), (3.11) 



H[chet)ijk = -C(cosh a + cosh I3)eijk , (3.13) 
M(',,,,) = M(,,et) , (3.14) 

^{chet)fj. ~ ^{chet)fi ■ yO.lO) 

Near r = 0, we again use the coordinate p = Inr. In this coordinate system 
the metric near r = takes the form: 

2 

ds'?^!,^.^ ~ — — — ( — dt^ + cosh a cosh, didx^)'^ 

^'"^''*> cosh a + cosh /3 V ^ 

C 

+ (coshQ; — cosh f3)dtdx^^ + — (cosh a + cosh I3){dp^ + d^ll) , 

(3.16) 



and describes a completely non-singular geometry. We also see from eqs. (|3.5|) , 
that the gauge fields are non-singular as r — > 0. 
We define the electric charge per unit length (g*^"^) and electric current 
(j^"-*) carried by the solution in terms of the asymptotic values of the gauge 
fields (r —>■ oo): 

„(a) -(a) 

i^t^^^, F:t^c.l-. (3.17) 



q 5 ro — q 

Comparing eq.( p.l7| ) with eqs.( p.5|) , (|3.6| ) and ( p.l5|) we get 

q^"' = ^Csinhacosh/3, for 1 < a < 20, 

(a-20) 

^ -Csinh/3cosha, for 21 < a < 24, (3.18) 



and. 



V2 



= ^Csinha, for 1 < a < 20, 
v2 

(a-20) 

^ -Csinh/3, for 21<a<24. (3.19) 



V2 
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Thus, for small a, (3, 



qia)^j{a) _ Ca for 1 < a < 20 , 
v2 

(a-20) 

^(a) _ _^-(a) ^ for 21 < a < 24 . (3.20) 

v2 

This shows that the deformed solution does represent a fundamental heterotic 
string carrying 20 left-moving and 4 right moving currents on its world-sheet. 
Let us briefly examine the source of the electric charge. From eq. 



(|3.6| ) we can easily verify that the total electric flux per unit length of the 
string through a surface of constant r (or p) vanishes as r ^ (p ^ — oo). 
This shows that there is no source of electric field hidden at the far end of 
the semi-infinite geometry (p — oo). In fact, a more detailed examination 
of the solution shows that the total electric charge carried by the solution is 
indeed given by the integral of the second term in eq. ( p.l|) over the whole 
space, therby proving that this is the only source responsible for the electric 
charge of the soliton. 

Let us now ask the opposite question: do we get charged type IIA string 
soliton by starting with the neutral type IIA string soliton, and applying the 
solution generating transformations on this solution? If the answer is yes, it 
would imply that the type IIA string soliton does not satisfy the properties 
of a fundamental type IIA string, since it is known that the fundamental 
type IIA string does not carry any world-sheet current that couples to the 
gauge fields originating from the Ramond-Ramond sector. We again start 
from the type IIA soliton expressed in the unprimed variables, since the 
solution generating transformations act naturally on the unprimed variables. 
This solution has been given in eq.( |2.15D . Notice that the the part of the 
metric involving {—dt^ + {dx^Y) does not have any conformal factor. This, in 
turn, implies that this solution is left invariant under the solution generating 
transformations, and we do not generate any new solutions! This is precisely 
what we want, since if we had gotten a new solution using the solution 
generating transformation, it would have almost certainly corresponded to a 
charge carrying solution, thereby showing that the soliton does not have the 
right properties for being identified as the fundamental type IIA string. When 
expressed in the primed variables, the {—dt^ + {dx^Y) term in the metric 
does have a conformal factor, but no solution generating transformation is 
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known that acts naturally on the primed variables, and most likely no such 
transformation exists. Thus we conclude that the type IIA string soliton, 
which is a non-singular solution of the heterotic string theory, is rigid, in 
that it does not allow deformations which correspond to charge carrying 
strings. 

4 String Solitons as Exact Conformal Field 
Theories 

We have seen in the previous two sections that the fundamental heterotic 
string can be regarded as a non-singular solution of the type IIA string theory 
and vice versa. It is natural to ask if it is possible to represent them as exact 
conformal field theories. Unfortunately the complete answer to this question 
is not known. However by examining the (uncharged) solutions near the semi- 
infinite geometry (r ~ 0) we see that it can be represented as SO (3) WZW 
model with a linear dilaton background |p6||. The level of the WZW theory 
will depend on the precise relationship between the coupling constants of 
the two string theories. In particular, the product of the coupling constants 
of the two theories satisfy a quantization condition^, and in the case 
where the quantized product takes its minimal value we would expect both 
the solutions to be described by a level 1 SO (3) WZW model. 
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